Abstract-A method for reducing the computational domain size in finite-difference timedomain analyses of structures with azimuthal periodicity is presented. Examples of such structures include two dimensional photonic crystals and microdisks with a periodic patterning. A form of Bloch's theorem appropriate to periodicity in the azimuthal direction is derived and used to formulate boundary conditions used in the calculation. The method is applied to the modal analysis of a photonic crystal fiber.
INTRODUCTION
In general, analyzing the electromagnetics of dielectric structures with arbitrary geometry variation requires a numerical approach. Two dimensional photonic crystals represent one example of a dielectric structure that requires numerical analysis. Over the passed two decades, two dimensional photonic crystals have been of interest for both integrated photonics [1] and fiber optics [2] . Photonic crystal fibers are similar to ordinary optical fibers except with the addition of microstructured voids that run the length of the fiber. Microstructured optical fibers represent a complicated dielectric geometry, and numerical methods are required for accurate analysis of their dispersion characteristics and spatial field profiles. In this work, the finite-difference time-domain method is used to find the mode profiles and dispersion diagrams of microstructured fibers. Because fiber geometries are uniform along the longitudinal direction, the field behavior along this direction may be characterized by a propagation factor exp (jβz). Derivatives with respect to z can be evaluated analytically which reduces the computational domain from three to two dimensions while still maintining a fully vectorial solution to Maxwell's equations. In this paper, a method for further reduction in the computational domain size is presented for geometries that possess periodicity in the azimthuthal direction. In these geometries only the unit sector is required for analysis, and spatially looped boundary conditions can be enforced. For photonic crystal fibers utilizing a triangular lattice, this results in a reduction by a factor of six in the domain size.
Several electromagnetic numerical methods exist that are capable of analyzing microstructured optical fibers with varying degrees of accuracy and computational effort [3] . Semianalytical approaches based on the effective index method [4] require little computational effort but come at the expense of inaccuracies in the vector properties of the fiber modes. The plane-wave expansion method [5] is a fully vectorial approach, but it assumes a periodic geometry. To analyze non-periodic geometries, a supercell must be defined and be large enough to limit cross talk with neighboring cells. Finite-difference methods [6] are fully vectorial mode solvers that solve an eigenvalue problem to obtain the propagating modes as a function of β. Computational domain size is limited in these methods due to the superlinear scaling in execution time for solving large matrix problems [7] . Localized function methods [8] seek to reduce the matrix size with judicious use of spatially local basis functions; however, calculating matrix elements can be computationally intensive, and scaling to three-dimensional problems may still result in large matrices. Furthermore, some prior knowledge of the field solutions must be known to select appropriate localized functions. The finite-element method [9] is popular due to its flexibility in handling arbitrary geometries and efficient discretization of fine geometrical details, but it involves eigenvalue solution, and scaling to three-dimensions can be problematic.
The finite-difference time-domain (FDTD) method [10] is attractive due to its generality, ease of implementation, linear scaling in execution time with problem size, and ability to handle dispersive and nonlinear materials. A "compact" version of FDTD applicable to waveguide geometries continuous along the propagation direction has been developed [11] [12] [13] and applied to optical fiber geometries [14, 15] and silicon-on-insulator ridge waveguides [16] . In what follows, compact FDTD in cylindrical coordinates is used to analyze photonic crystal fibers, and a method is presented for further reduction in the computational domain size based on azimuthal periodicity. 
FORMULATION
FDTD in cylindrical coordinates is used, so that the computational domain has the same shape as the fiber, and the distance between the device and the computational boundary is uniform. Because domain sizes are set by the minimum distance between the device under analysis and the computational boundaries, using cylindrical coordinates avoids the unused space that would exist in the corners of an FDTD calculation using cartesian coordinates. Also, the cylindrical discretization scheme conforms more closely to the round shape of the fiber which reduces staircase approximation error associated with a cartesian discretization. In this work, we discuss another advantage of cylindrical coordinates which is the convenient use of spatially looped boundary conditions in the φ direction to further reduce computational burden. Figure 1 displays a cross section of a microstructured optical fiber with a triangular lattice two dimensional photonic crystal pattern of air holes. The air holes run along the entire length of the fiber. Because of the photonic crystal geometry inscribed on the cross section, these microstructured fibers are often called photonic crystal fibers. In the center, a single hole is filled creating a spatial defect. These fibers guide via a combination of bandgap and index guiding. It should be noted that hollow core photonic crystal fibers have been demonstrated and guide light primarily based on bandgap guiding [17] .
The spatially varying electric permittivity of the photonic crystal fiber is periodic in the φ direction with period Λ = π/3. That is, (r, φ + Λ, z) = (r, φ, z). A unit sector is labeled in Figure 1 . If the electric permittivity were uniform in the φ direction, then the azimuthal field behavior can be desicribed by exp(imφ) where m is an integer. This fact can be used to formulate a compact form of FDTD for structures uniform along φ [18] . In the case of a photonic crystal fiber, the material is nonuniform in the φ direction, but it is periodic. This work addresses the question of whether advantage can be taken of periodicity in the φ direction to reduce computational domain sizes.
The modes of a refractive index geometry uniform in the φ direction may be expressed as
where F refers to a component of the electric or magnetic field and m is an integer as required by the condition F m (r, φ + 2π, z) = F m (r, φ, z). f m (r, z) represents the r and z dependence of the mode labeled by m. Let Φ(φ ) be an operator which rotates a function about the z axis by an angle φ . For a dielectric function that contains discrete rotational invariance along φ with a period Λ, one has Φ(Λ) (r, φ, z) = (r, φ + Λ, z) = (r, φ, z). Therefore, solutions to Maxwell's equations will be eigenfunctions of the operator Φ(Λ) [19] . Operating on Equation (1) with Φ(Λ) yields 
where
φ has a Fourier series representation and is therefore periodic. Equation (3) has the same form as an electron wavefunction in a periodic potential or the electric or magnetic field in a photonic crystal. In these cases the integer m is usually written as a continuous valued wavenumber β, and the result is known as Bloch's theorem. Here we have shown that the same Bloch theorem wavefuction exists for structures that possess periodicity in the azimuthal direction. Because the fields must remain unchanged under rotation through a multiple of 2π, the phase factor which is analogous to the continuous valued propagation constant in structures with discrete translational invariance is restricted to integer values denoted by m above.
From Equation (3), one has F m (r, φ + Λ, z) = e imΛ F m (r, φ, z). Within an FDTD numerical calculation for a structure with periodicity in the azimuthal direction, one need only analyze a unit sector and spatially loop the boundaries. This is done by enforcing boundary conditions at φ = 0 and φ = Λ so that the fields at the boundaries are related according to F m (r, φ + Λ, z) = e imΛ F m (r, φ, z). The user specifies the integer m and subsequent runs can be performed for different values of m.
Using group theory notation, discrete rotational invariance is described by the symbol C nv where n is related to the period Λ via n = 2π/Λ. The photonic crystal fiber shown in Figure 1 possesses C 6v symmetry. In this example, the computational domain can be reduced by a factor of 6. In general, the computational domain for structures that possess C nv symmetry can be reduced by a factor of n. This suggests that the relative performance improvement of the proposed method increases as the material variation in the φ direction becomes more rapid (as n increases).
To conclude this section, an alternative derivation of the boundary condition appropriate for spatially looping F m (r, φ + Λ, z) = e imΛ F m (r, φ, z) is presented. Consider a geometry possessing C nv symmetry. Such a structure has a unit sector spanning an angle Λ = 2π/n. If the operator Φ(Λ) is applied n times to a representative field component F (r, φ, z), the field is returned to its original orientation since nΛ = 2π. This suggests Φ n (Λ)F = F . Earlier, we found that F is an eigenfunction of Φ. If we denote the corresponding eigenvalue by α, one has Φ(Λ)F = αF and Φ n (Λ)F = α n F = F . This suggests that α n = 1 = e im2π and α = e im2π/n = e imΛ . The eigenvalue equation can be written as Φ(Λ)F = F (r, φ + Λ, z) = e imΛ F (r, φ, z) which is the same result given by Equation (3). Figure 2 shows results of using the proposed FDTD method in the analysis of a photonic crystal fiber. Figure 2(a) shows the dispersion for four modes each with a different m value. The data points were obtained from individual FDTD runs with specified β and m values. Also illustrated in Figure 2 (a) are the lightlines in free space and in the fiber material with a refractive index of n f = 1.45. It is clear that the dispersion follows the usual trend of starting near the free space lightline at low frequencies and then moving closer to the fiber material lightline at higher frequencies.
RESULTS
Figure 2(b) shows the z component of the magnetic field for the four modes whose dispersion is shown in Figure 2(a) . It is clear that the φ dependence of the field is related to the specified m value consistent with the analysis in the preceding section.
DISCUSSION
As discussed in Section 3, the method described here offers an n-fold reduction in computational domain size for structures possessing C nv rotational symmetry. Such structures include photonic crystal fibers as well as microdisk geometries with a periodic patterning. One interesting feature of using FDTD in cylindrical coordinates is the use of a spatially nonuniform grid, which has both advantages and disadvantages. One disadvantage is shown in Figure 2 (b), where it is clear that the geometry discretization becomes more coarse as the radius increases. Because the cell length along the φ direction is given by r∆φ, the cell size can vary greatly between the origin and the domain boundary. Therefore, using a suitably small ∆φ for resolution of fine features at large r may over-resolve the features at the origin and unnecessarily increase the computational burden. Furthermore, the FDTD time step is limited by the smallest grid spacing in the domain implying that parts of the domain are analyzed with both low resolution and an unnecessarily small time step duration limited by the grid size near the origin [20] . The authors are currently investigating whether subgridding approaches [21] can be used to make the discretization more uniform without undue burden on computational resources. One advantage to the grid nonuniformity is that in many cases, the features requiring the most resolution are near the origin. As an example, microstructured fibers may have uniform cladding layers surrounding the microstructured core and these layers are then surrounded by air. These cladding layers are uniform in the φ direction and so do not require fine discretization to resolve their features. The resulting discretization uses more spatial grid points near the origin and fewer in the uniform cladding regions, resulting in a more computationally efficient distribution of grid points. As mentioned previously, this breaks down for fine geometrical features at intermediate radii as shown in Figure 2 (b).
CONCLUSION
A method for reducing the computational domain size and thus computation time for FDTD analysis of geometries with periodicity in the azimuthal direction was presented and demonstrated. A derivation of Bloch's theorem applicable to geometries periodic in the azimuthal direction was derived and used to establish boundary conditions, so that only a unit sector of the domain is required for analysis. The method was demonstrated by obtaining the dispersion and mode profiles for photonic crystal fibers.
